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ABSTRACT 
The basic framework for an energy-based theory of localization in dynamicviscoplastic-
ity was recently developed by Cherukuri and Shawki (1993). In this framework, the total 
kinetic energy serves as a single parameter for the characterization of the full localization his-
tory. A characteristic evolution profile of the kinetic energy was shown to correspond to a local-
izing deformation. Here, we implement the foregoing characterization of localization towards 
the improved understanding of the mechanics of shear band formation. In particular, we. 
examine th.e influence of three primary dimensionless groups on localization. These groups are 
referred to as the inertia number, the diffusion number and the dissipation number. The limits 
of applicability of the quasi-static assumption as well as the adiabatic deformation assump-
tion are also addressed. Computational evidence indicate that the dissipation number plays 
a significant role in determining the material localization sensitivity. 
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1. Introduction 
The failure of engineering materials during modern severe operating conditions has been 
a focal point for engineering research in the past decade. Among the phenomena that are inti-
mately connected to catastrophic structural failure is the localization of plastic flow into nar-
row spatial bands (known as the shear bands). This observation explains the current interest in 
resolving various questions related to the onset and late-time behavior of shear localization in 
dynamic deformations. Shawki and Clifton (1989) presented a review of the different mecha-
nisms believed to explain shear band formation in a wide spectrum of materials and loading 
rates. Shawki (1992) presented a review of the various characterizations of shear localization 
in dynamic viscoplasticity. 
An energy-based framework for the analysis of shear localization in dynamic viscoplas-
ticity was recently developed by Shawki (1993a,b) for the pre-localization regime and later 
extended by Cherukuri and Shawki (1993) to encompass the complete localization history. 
This framework uses the system total kinetic energy as a single parameter that is capable of 
characterizing the full localization process. Table 1 presents a chronological summary of the 
development of the energy-based localization theory. Shawki (1993a) illustrated, through a 
time-dependent linear perturbation analysis, that a positive rate of change of the kinetic 
energy of absolute perturbations is a necessary and sufficient condition for the linear solution 
- including the effects of spatial perturbations - to deviate from the underlying homogeneous 
solution. This result represented the early indication to the possible role of kinetic energy 
towards the characterization of localization. In fact, in a subsequent article, Shawki (1993b) 
used the energy-based onset criterion to reproduce a large number of necessary localization 
conditions that were earlier derived by other authors using drastically different viewpoints of 
localization. The success of this approach within the linear stability context motivated further 
pilot numerical studies by Zbib and Jubran (1992) and by Shawki, et al (1992). These pilot 
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studies confirmed expectations that the system kinetic energy plays a significant role as far as 
characterizing the complete localization history. 
Table 1 -A chronological summary of developments in the energy-based localization theory. 
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Recognition of the positive kinetic energy rate Time-dependent, linear T.G. Shawki 1988 
as a necessary condition for the onset of local- stability ana'lysis (1993a) 
ization. 
Derivation of analytic initiation conditions for Time-dependent, linear 
large classes of materials based on the energy stability ana'lysis 
criterion. 
Early numerical observations of the con-
nection between final failure and the evolu-
tion of the system kinetic energy. 
A Review of the various characterizations of 
shear localization in dynamic viscoplasticity. 
Early Numerical Results confirming the role of 
the kinetic energy throughout the entire local-
ization history. 
A formal analysis of the energy-based theory 
of localization including details of the used 
numerical algorithm. 
Implementation of the energy-based theory 
towards a consistent parametric study of the 
effects of the inertia, diffusion and dissipation 
dimensionless numbers on localization. 
Three-dimensional non-
linear finite element solu-
tions. 
Linear and nonlinear 
analysis. 
One-dimensional, non-
linear finite difference 
solutions. 
One-dimensional non-
linear ana'lysis and finite 
difference solutions. 
One-dimensional, non-
linear finite difference 
solutions of the governing 
equations for simple shear-
ing motion. 


















Cherukuri and Shawki (1993), in part I of this work, have presented the formal energy-based 
framework along with example calculations through which a number of critical times were 
defined. In the foregoing work, three dimensionless groups were identified and termed the 
inertia number, the diffusion number and the dissipation number. Further details regarding 
these groups are provided in the next section. Furthermore, Cherukuri and Shawki (1993) 
presented the details of a finite difference scheme used for the numerical integration of the 
system of nonlinear equations governing the dynamic, one-dimensional simple shear of a 
thermally-sensitive, viscoplastic material. A convergence analysis of the finite difference 
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algorithm was presented along with a discussion that illustrates the implementation of the 
energy-based characterization of localization towards finding sufficient convergence condi-
tions. An example calculation was presented to aid the definitions of various critical strains 
along the localization history. 
In this paper, we take advantage of the aforementioned developments and conduct a con-
sistent parametric study of the effects of the three dimensionless groups ( the inertia, diffusion 
and dissipation numbers) on localization. Moreover, we present a numerical examination of 
the effect of the applied strain rate on localization. Here, we note that the numerical method 
used throughout this work is that described by Cherukuri and Shawki (1993). 
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2. The Model 
Figure (1) illustrates an inifinite homogeneous plate of thickness Hin the x -direction 
while it extends indefinitely in the other two cartesian coordinate directions. The upper face of 
the plate is subjected to a constant velocity while the lower face is. fixed. The system of govern-
ing equations is given by (see Shawki and Clifton (1989) for further details) 
where 
I\ I\ e ov=aa 
0 ai ax 
A A A A A 
yP = </> (a,y,0) 
I\ 
,. K 






I\ I\ ~ I\ I\ 
a='ljJ(yP,y,0) (4) 
(5) 
Equation (1) expresses the balance of linear momentum, equation (2) is the kinematic com-
patibility equation, equation (3) represents the energy balance and, equation ( 4) provides 
alternative representations of the material thermal viscoplastic response.Furthermore, vis the 
particle velocity in the x direction, a is the shear stress a AA , 0 is the absolute temperature, -1 is xy 
the plastic strain, µ is the elastic shear modulus, eo is a constant material density, K is a 
constant heat conduction coefficient, c is the specific heat and ~ is a non -negative scalar, 
whose value is less than unity, which expresses the amount of plastic dissipation that is con-
verted to heat. 
It is convenient to express equations (1) through (4) in a dimensionless form. Non-di-
mensionalisation is conducted so that the form of the governing equations remains unchanged. 
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The dimensionless quantities are defined by 
I\ 
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Figure (1) -A schematic illustration of a one-dimensional simple 
shearing motion 
(6) 
In equation (6), quantities with the subscript "O" denote appropriately-selected reference 
values ( e.g. values that the dimensional field variables have in a homogeneous deformation at 
the time that a perturbation is introduced). The characteristic time t0 is the time required to 
obtain a unit shear strain at the strain rate fa . The foregoing dimensionless quantities will be 
used in the remainder of this work. Field variables will appear without the superposed "hat" 
which implies usage of dimensionless quantities throughout the discussion. 
At this point, it is useful to note that the dimensionless groups e 0, r O and r 1 are analogous to 
the dimensionaless numbers commonly encountered in fluid mechanics, namely, the Reynolds 
number, inverse of the Peclet number and the ratio of Eckert number and Reynolds number 
respectively. In the current context, we rename the foregoing quantities to the inertia number 
for e0 , diffusion number for r0 , and dissipation number for r 1• Next, an attempt is made to 
emphasize the relevant physical interpretation of these various numbers. 
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2.1. Physical interpretation of the dimensionless numbers 
Since <f>o is the inverse of t0, the inertia number eo can be rewritten as the ratio of inertial 
effects to viscous effects; that is 
A A 
_ (e o V of/) _ inertial effects 
eo - (ao/~o) - viscous effects. (7) 
Thus, larger values of the applied strain rate correspond to larger inertia numbers. In the fol-
lowing sections, we will illustrate that larger inertia numbers result in a delay in localization 
initiation as long as the other dimensionaless numbers remain constant. Small inerti.a numbers 
correspond to deformations in which viscous effects dominate inertial effects which is analo-
gous to the creeping flow of fluid mechanics. In this case, inertial effects can be ignored in the 
analyses predicting the onset of severe localization. The Kolsky bar tests - in general - fall in 
the domain of very small inertia numbers. Thus, for these tests, the quasi-static assumption 
appears to be a reasonable approximation for both analytical and/or numerical investigations 
of the onset of severe localization. 
The diffusion number is the inverse of Peclet number (which is the product of the Reynolds 
and Prandtl numbers). Thus, it can be rewritten as 
(8) 
We note that the Prandtl number is the ratio of some measures of viscous and diffusion effects. 
The larger (smaller) the Prandtl (diffusion) number, the weaker is the diffusion effect . Weak 
diffusion effect implies that the amount of thermal energy flowing across a unit distance with 
an overall temperature difference of 1 K is much smaller than the energy required to raise a 
unit specimen's length by 1 K. Thus, smaller diffusion numbers are associated with a higher 
tendency towards adiabatic behavior. However, we shall illustrate that, regardless of how large 
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this number is, the adiabatic deformation assumption breaks down once severe localization 
takes place. 
The dissipation number can be expressed in the form 
(9) 
Thus, the dissipation number is the ratio of the thermal energy produced in time t0 per unit 
"' volume over the energy required to raise the temperature of a unit volume by 0 0• Hence, for 
two different solids subjected to the same applied strain rate at the same test temperature, 
since the heat capacity is the same, the material with the higher yield stress has a higher dissipa-
tion number. For example, the hot-rolled steel HRS-1020 has a yield stress that is 3 times 
less than that of HY-100 steel. In this case, the dissipation number for HY-100 steel is 3 
times larger than that of the HRS steel. Athough the energy required to raise the temperature 
by a finite amount is the same for both steels, the dissipation in HY -100 steel is more than that 
in HRS steelindicating that localization might occur faster in the former than in the latter. This 
observation will be confirmed through our numerical results in the future sections. Here, we 
note that a similar observation has been reported by Marchand and Duffy (1988). 
2.2. Boundary and Initial Conditions 
The considered boundary conditions consist of thermally-insulated and velocity-con-
trolled boundaries. This is expressed mathematically as follows: 
v(O, t) = 0, v(l, t) = 1, 0 s; t < oo, (10) 
0,x(O, t) - 0,x(I, t) = 0, 0 < t < oo (11) 
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The assumption of insulated boundaries is expected to closely simulate the thermal state 
associated with the Kolsky bar-type tests. A consequence of the insulated boundary condi-
tions is that the posed boundary-value problem has a spatially-homogeneous solution as 
opposed to the case of isothermal boundary conditions for which a homogeneous solution does 
not exist. 
The initial conditions are chosen to correspond to a slightly perturbed homogeneous state. 
The perturbation is assumed to model geometric and/or material inhomogeneities. The set of 
considered initial conditions is given by 
v(x,0) = x, (12) 
yP(x,0) = 1, (13) 
y(x,0) = Yo, (14) 
0(x, 0) = 1 + ef (x), (15) 
a(x, 0) = 1/J (1, Yo , 1 + ef(x) ), (16) 
for 0 ::s x :s 1. In equation (15),f(x) is of order unity and represents the perturbation shape 
which is selected to be consistent with the boundary condition (11 ). Furthermore, a vanishing e 
corresponds to an initial homogeneous state. 
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3. Diffusion Number and Localization 
This section examines the effect of the diffusion number on the evolution of localization. 
First, we review the localization criteria derived by Shawki (1993b) using the linear perturba-
tion analysis while accounting for the time-dependence of the homogeneous solution. 
3.1. Localization criteria from linear perturbation analysis 
We consider a power-law material given by 
(17) 
For a strain-independent power law material (n = 0), the necessary condition for localization 
using linear perturbation analysis is shown to be ( see Shawki (1993b)) 
r 1(v !z m) + rc&;(l + r1(1 - v)t) < 0, with v < 1, (18) 
where t < T, while T denotes the maximum time before which the linear solution represents 
an acceptable approximation to the nonlinear solution and ~n = rm, (n = 1, 2, 3, ... ) . The 
foregoing inequality indicates that, in the absence of heat conduction ( r O = 0), the necessary 
localization condition reduces to 
V + m < 0. (19) 
Comparison of the inequalities (18) and (19) illustrates the stabilizing effect of the diffusion 
number as far as the onset of localization is concerned. Furthermore, for a given net softening 
effect (i.e. a given negative value of v + m ), there exists a critical wavelength below which the 
initial disturbances will decay and no localization is anticipated. Now we note that if the diffu-
sion number r O is sufficiently large, the necessary condition for localization (18) reduces to 
1 + r1(1 - v)t < 0, v < 1, (20) 
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which is never realized, implying no tendency for localization. This conclusion can be extended . 
to the case where n ~ 0 since sufficiently large diffusion implies a nearly constant temperature 
as evidenced by examining the energy balance equation (4). In such case, the power-law 
constitutive equation (17) reduces to 
(21) 
for which the necessary condition for localization obtained by Shawki (1993b) is 
n+m<O (22) 
For strain-rate hardening solids, localization is possible for materials which exhibit strain 
softening such that the condition (22) is met. Computational experiments involving isothermal 
deformations of strain softening solids indicate that the strain rate may blow up in finite time 
leading to zero width band. This issue will be further discussed in later sections. 
It is useful to note that "sufficiently large" diffusion numbers correspond to deformations 
in which diffusion effects are much stronger than viscous effects (while the inertia number is 
kept fixed). The numerical results shown in the following sections as well as the linear stability 
results by Shawki (1993b) indicate that the diffusion number plays a major role in determining 
the shear band thickness~ This observation has been first noted by Merzer (1982) through his 
numerical solutions of the fully nonlinear system. 
3.2. Shear band width and the diffusion number 
This section discusses the role of the diffusion number towards setting a length scale for 
the evolving localized zones. It is important to note that, during high rates of loading of visco-
plastic materials, the band "width" evolves continuously. Moreover, there is no clear boundary 
that separates the localizing zone from the remainder of the body. Hence, the evolution of 
smooth localizing solutions gives rise to a degree of uncertainty as far as the shear band width is 
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concerned. As a result, a variety of definitions for the band width have been proposed. Wright 
(1987) defines the shear band width as the width of the region from the position of maximum 
strain rate (in the localized zone) to the point, on either side of this position, at which the strain 
rate drops by 10 percent. Sherif and Shawki (1992), Wright (1992), Dodd and Bai (1985) con-
sidered steady state solutions of the simple shearing motion and obtained approximate expres-
sions for the band width. Gioia and Ortiz (1992) considered the steady state behavior of a two-
dimensional half-space problem subjected to constantvelocity at the boundary. They defined 
the band width as the width of the region near the surface bounded by the free surface and the 
surface at which the velocity is 0.99 times the boundary velocity. 
In the context of the energy-based theory, Cherukuri and Shawki (1993) - part I of this 
paper - have presented a number of critical times during the late stages of evolution. Of par-
ticular interest is the so-called stabilization time, t stb• at which the plastic strain rate attains its 
maximum value within the localizing zone. Cherukuri and Shawki (1993) have noted that the 
width of the evolving band decreases monotonically until t stb is reached. For times greater than 
ttsb the shear band width increases. We select the shear band width to correspond to the value it 
attains at the time t = tstb· Further details on this selection can be found in part I of this work 
by Cherukuri and Shawki (1993). 
At this point, we attempt to rationalize the observed, late-time strain rate drop for times 
greater than ttsb· For this purpose, we derive the time rate of change of the flow stress, using the 
constitutive equation (4)-b, to obtain the identity 
where S _aa s-aa 
i = ayP' 2 = ae· S 
_ aa 
3 = ayr 
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(25) 
where (26) 
denotes the slope of the adiabatic stress-strain curve at constant strain rate. Expression (25) 
indicates that the increase or decrease of the plastic strain rate, for a strain -rate hardening 
material, depends on whether the right side of (25) is positive or negative. For structural engi-
neering materials, during the pre-localization regime, the term µ + Cp remains positive 
( even when C P is negative). Furthermore, the velocity gradient within the localizing zone 
remains positive while the diffusion number is positive. For thermally-softening materials, 
the term S2 is always negative. Moreover, within the localizing zone, the second temperature 
gradient is negative. Therefore; the right side of expression (25) consists of two positive terms 
that are being offset by the third negative term. Examination of expression (25), in view of the 
foregoing remarks, implies that sufficiently large diffusion may have the capacity to retard the 
continued growth of the shear band strain rate. Itis also evident that the "strength" of the diffu-
sion term increases as the band width decreases. Hence, we anticipate that there exists a criti-
cal minimum band width at which the diffusion term in (25) balances the first two terms leading 
to a maximum value of the plastic strain rate. The attainment of such a maximum strain rate 
was illustrated by Cherukuri and Shawki (1993) through late-time numerical solutions of the 
fully nonlinear system of equations (1) through ( 4 ). The time at which diffusion effects begin to 
retard further localization was referred to as the stabilization time ttsb· Finally, we note that at 
t = ttsb• the strain rate attains the local maximum value ( at the band center) given by 
max 
av c- a20 _ µ ax - r ou 2 ""fix2 
- Cp+µ (27) 
Figure (2) shows the spatial distribution of a20 / ax2 for two different, late times while consid-
ering two different values of the diffusion number r0• Figure (2) -(a) corresponds to the case 
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study presented by Cherukuri and Shawki (1993). Figure (2) -(b) corresponds to the same 
case except that the diffusion number is higher by an order of magnitude while all the other 
dimensionless numbers are kept constant. The plotting time t 1 is smaller than the critical time 
tcr ( at which the kinetic energy evolution profile passes through an inflection point). In fact, t 1 
is less than tstb· It is evident that the smaller the diffusion number, the larger is the heat flux 
gradient at the center of the band. Therefore; it seems reasonable to conclude that heat con-
duction effects assume a rather significant role during the later stages of localization. Such 
effects must be included in the model even if the diffusion number is numerically small. 
10000.0 ----------------. 






100.0 -----------....---- 100.0-------------------, 
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0.2 0.4 0.8 o.a 1.0 -300.00.0'-----0 .... 2--0. .... 4--0. ... 8--0--.8 __ _,1.0 
(a) r 0 = 1.38 x 10-3 (CRS steel) 
t1 = 0.5 and tsrb = 0.6 
(b) r0 = 1.0 x 10-2 
t1 = 1.1 and tsrb = 1.30 
Figure (2) - A comparison of the effect of the diffusion number on the 
heat flux for two different late times. 
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For small values of the diffusion number (much less than unity), heat conduction effects are 
relatively weak during the pre-localization regime and can; therefore, be ignored. However, 
if post-localization modeling is required, those effects should be accounted for. The judge-
ment regarding the relative effect of heat conduction requires a thorough knowledge of the 
localization phenomenon and must not be done arbitrarily. 
It is interesting to observe that within the core of the localized zone (below the dashed 
lines), the temperature rise is caused by plastic dissipation ( since ii20 / ax2 is negative) whereas 
outside the core the temperature rise is caused by heat conduction ( since a20 / ax2 is positive). 




thermal = H = -1ro (28) 
Thus, if the shear band width is set by the above thermal length scale (whatever the definition 
of the band width may be) then the band width must be proportional to A thermal; i.e., 
W = A thermal f( ... ) (29) 
where f( ... ) is a dimensionless function which depends on the inertia number, the dissipation 
number, the shear modulus and the loading conditions at the stabilization time tsrb. It should 
be noted that expression (29) is postulated in view of our numerical observations besides being 
supported by the results of the steady-state shear band model derived by Sherif and Shawki 
(1992). 
3.3. Localization and the diffusion number 
The effect of the diffusion number on localization is explored through several numerical 
experiments corresponding to different values of r O while keeping e O and r 1 fixed. The data for 
the cold rolled steel remains the same as those used by Cherukuri and Shawki (1993) except for 
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changing r0• In Figure (3) ,the stress at the center of the band is plotted against the nominal 
strain for various values of r0• In all the cases, k(t) reaches a maximum just when the stress 
begins to drop sharply, again confirming its validity as a single scalar quantity for characteriz-
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Figure (3) - Effect of the diffusion number on the stress profile at the 
moving boundary. 
As expected, the smaller the diffusion number r 0, the faster is the evolution of localization and 
the sharper the stress collapse. Comparison of the CRS behavior with that corresponding to 
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the smaller diffusion number r0 = 10-5 indicates that the assumption of an adiabatic 
deformation results extremely conservative predictions of the critical localization strains ( an 
error that can be as high as a 100%!). 
In Figure ( 4) , the evolution of displacement profiles is shown for various values of r 0• In 
all of the considered cases, the maximum time corresponds approximately to the time tstb at 
which the strain rate attains a maximum. Dearly, smaller diffusion numbers correspond to 
larger displacement gradients. Once severe localization occurs, the rigid motion of material 
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Figure (5) illustrates the dependence of various field quantities on the diffusion number1. 
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Figure ( 5) - Variation of various field variables at the center of the band 
and the critical times with the diffusion number 
The difference between tcrand t stb provides the duration of severe localization. The longer the 
time that it takes to "completely" localize, the larger that difference will be. Thus larger values 
of the diffusion number r0 correspond to longer localization completion times since large dif-
fusion numbers allow the locally-generated heat to be conducted away from the band at faster 
1. The smallest tested value of the diffusion number is 10-5• Smaller values of the diffusion number result in 
great numerical difficulties and the loss of band resolution. 
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rates, thus reducing the severity of localization. Furthermore, for small diffusion numbers 
(near adiabatic deformations), there is virtually no distinction between the critical times tcr 
and tsrb· 
It is interesting to observe that the diffusion number r0 falls in this region for Kolsky bar 
tests of most structural steels. Figure ( 5) -(b) indicates that the temperatures 0 er and 0 stb de-
crease with increasing diffusion numbers while 0 s exhibits a weak dependence on the diffusion 
number. Moreover, for small diffusion numbers, even though the difference between 
tcr and t stb is very small, the corresponding differences in temperatures 0 er and 0stb are quite 
substantial, which is qualitatively consistent with reported experimental findings. 
Figure (5) -( c) and ( d) illustrate the dependence of the maximum strain rate (given by equa-
tion (27)) and the central plastic strain, respectively, on the diffusion number. As expected 
through the examination of expression (27), the maximum strain rate decreases while the cen-
tra1 plastic strain increases for increasing values of the diffusion number. 
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4. The Inertia Number and Localization 
This section examines the effect of the inertia number eo, given by equation (7), on local-
ization while keeping both the diffusion and dissipation numbers fixed. We note that larger 
values of the applied strain rate or the gauge length render larger inertia numbers. Typical val-
ues of the inertia number, for Kolsky bar type experiments, are of the order of 10-3• For this 
class of deformations, we will show that inertial effects may be ignored which is consistent with 
observations made by Wright and Walter (1987). However, for applications such as plate-im-
pact tests or the high end of Kolsky bar tests, the quasi-static assumption cannot be made. 
4.1. linear perturbation analysis and inertia number 
The linear stability theory provides useful tools towards the derivation of necessary condi-
tions for the onset of localization. Mathematical difficulties associated with the implementa-
tion of such tools often lead to the assumption of quasi-static deformations for which analyti-
cal results may be obtained. The quasi-static assumption is argued to be reasonable as far as 
the onset oflocalization is concerned ( see Shawki (1993b) ). As a result, criteria for the onset of 
localization obtained through linear perturbation analyses do not provide information regard-
ing the effects of the inertia number e0• 
4.2. Numerical results and discussion 
A number of numerical experiments have been carried out by varying the inertia number 
e0 while keeping r0 and r 1 fixed. This is achieved by varying </>o andH appropriately. The data 
used is that of a CRS steel ( see further details in Cherukuri and Shawki (1993)) except for the 
value of e0• 
Figure ( 6) shows the evolution of the stress at the moving boundary (x= 1) for various val-
ues of the inertia number along with the underlying behavior of the normalized kinetic energy 
rate. It is evident that rapid stress drop is associated with an extremum value attained by K(t). 
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Furthermore, we note that sharper stress drops are observed for larger inertia numbers. More-
over, profilesassociated with inertia numbers less than 0(10-2) seem to be indistinguishable 
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Figure~a); 4'7 Ev;olution,of the. boundary stress for various values of the in-
ertia number. 
To further illustrate this issue, we present the evolution of the band stress as well as the far field 
stress for two different values of the inertia number as shown in Figure (7) . For the large iner-
tia number, e0 = 1, initial stress evolution is nearly homogeneouswhile strong stress inhomo-
geneity develops as soon as localization begins to take place; Further, the band stress drops at a 
slower rate as opposed to the boundary stress. For the small inertia number, eo = 10-5, the 
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two curves are nearly identical implying a near homogeneous stress distribution. In such case, 
the quasi -static assumption is expected to provide a satisfactory description of localization 
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Figure (7) - Stress profile at the band center (x=0.5) and the moving 
boundary (.x=l) for two different values of the inertia number. 
3.0 
The evolution of various field variables is shown in Figure (8) (Figure (9) ) for small (large) 
value of the inertia number e0• Comparison of the velocity profiles for the two cases indicates 
that, for large inertia numbers, three distinct spatial regions may be distinguished: (1) a central 
region where severe localization takes place, (2) a neighboring region in which the deforma-
tion becomes progressively more rigid and (3) an outer region where the deformation is nearly 
homogeneous. 
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The second region expands into the third region as the deformation continues until it com-
pletely absorbs it. For small inertia numbers, on the other hand, the inhomogeneous deforma-
tion is seen to take place simultaneously throughout the deforming body. This is also clear from 
the strain rate plots in the two figures. In the case of small eo, the strain rate increases in the 
perturbed region, while simultaneously decreasing outside this region. On the other hand, for 
large eo, there seems to be a wave-like behavior through which region 2 expands into region 3. 
Further, the larger the inertia number, the smaller is the maximum strain rate and consequent-
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Figure (8) - Field variables as functions of position· at different times 
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Figure (9) - Field variables as functions of position at different times with 
Lit= 0.425 and maxt = 2.55 (tstb) 
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Figure (10) illustrates the dependence of various field variables on the inertia number eo 
at the times tcr and tstb· As eo increases, the critical time tcr ( or the critical nominal strain) for 
localization increases. Initially, the difference between tcr and tstb is small. However, this dif-
ference increases as the inertia number increases. Typically, for Kolsky bar type tests, the iner-
tia number is of the order of 10-4 and hence for these tests, localization, once it begins, pro-
ceeds very quickly. The maximum strain rate at the center of the band decreases with 
increasing e0• Our numerical results indicate that for very small values of eo the maxi.mum 
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strain rate remains approximately constant indicating again that the quasi ---,static assumption 
is a valid approximation for Kolsky bar type experiments. 
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Figure (10)- Variation of various variables with the inertia number. 
4.3. Shear band width and the inertia number 
Figure (10) indicates that the maximum strain rate at the center (at time tsrb), decreases 
with increasing the inertia number. Since the total strain rate is constant and since the elastic 
strain rate is much smaller than the plastic strain rate, this implies that the shear band width 
increases with increasing the inertia number. Our results indicate that in the limit of a vanish-
ing inertia number, the band width remains finite in the presence of heat conduction. 
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5. Applied Strain Rate and Localization 
In previous sections, we examined the effects of the inertia number eo and the diffusion 
number r0 on localization. However, for a given material, these numbers can only be changed 
by changing the applied strain rate. For a given material and a given specimen geometry, eo 
A A 
varies directly as the square of </>o (the applied strain rate) and r0 varies inversely as <j>0• Thus, if 
A 
</>o is varied, the two numbers will change simultaneously. In this section, drawing upon our 
knowledge from the previous two sections, we study the effect of varying the applied strain rate 
on localization. 
5.1. Numerical results and Discussion 
It is well known that the yield stress of most metals is rate sensitive i.e., it increases as the 
applied strain rate increases. The power-law given by equation (21) needs to be modified in 
order to examine the effects of the applied strain rate. The modified version takes the form 
(30) 
where Yn is the non-dimensional strain rate used as a reference strain rate in obtaining the 
power law. It is to be noted that the corresponding dimensional strain rate l is different in 
A 
general from the applied strain rate </>o which apart from being the applied strain rate is also 
AP 
used to non-dimensionalize the governing equations. Here, we take y n to be equal to 1600/s. 
At this point, we emphasize that the power-law is an empirical formula which provides a satis-
factory description of material response over a specific range of applied strain rates (typically 
the range of strain rates associated with the Kolsky bar test). Therefore; extrapolation of the 
results to higher strain rates must be conducted with caution. 
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Several numerical experiments have been carried out by changing the applied strain rate. 
The data corresponds to the CRS steel. The evolution of the kinetic energy rate K(t) and the 
boundary stress a(l, t) are shown in Figure (11). 
a(l, t) 
o.so 
0.0 G.2 0.4 0.6 0.8 
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Figure ( 11) - Evolution of the boundary stress for different applied strain 
rates. 
I\ 
Clearly, larger values of the applied strain rate correspond to larger yield stresses. As </>o in-
creases, the critical time for the onset of localization tcr decreases. Then once a critical strain 
rate is exceeded, the critical localization time tcr starts increasing as shown in Figure (12) . 
Hence, there exists a critical strain rate at which the localization occurs the fastest. The falling 
branch in Figure (12) has a larger slope than that of the rising branch. 
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Further examination of Figure (11) indicates that, when localization takes place, the drop in 
stress is much sharper for higher strain rates than it is for lower strain rates. It is also useful to 
note that the initial yield stress is weakly sensitive to the applied strain rate since a 20-fold 
increase in the applied strain rate leads to an increase in the initial yield stress by only 10 per-
cent. This behavior is specific to the power-law constitutive form and may not adequately 
describe the observed material response at ultra - high loading rates. Therefore; caution must 
be exercised in interpreting the results of Figure (12) which are obtained by using the power-
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Figure (12)-Critical localization time as a function of the applied strain 
rate. 
In an attempt to rationalize the behavior shown in Figure (12), we note that the critical 
localization time tcr increases with increasing values of the inertia and diffusion numbers. 
Moreover, the inertia number is proportional to the square of the applied strain rate while the 
diffusion number is inversely proportional to the applied strain rate; i.e. 
" 2 e0 ~ </>0 and r0 - 1/</>0 (31) 
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The insert in Figure (12) illustrates the dependence of the normalized inertia and diffusion 
numbers on the applied strain rate for the considered material and geometry. It is evident that, 
in regime A, the fast decay in the diffusion number tends to accelerate localization beyond the 
stabilization effect introduced through the increase of the inertia number. In regime B, the 
faster increase in the inertia number offsets the effect of diffusion number decay and, there-
fore, results in the observed increase in the critical localization time. 
5.2. Shear band width and the applied strain rate 
Our numerical results show tha.t the maximum plastic strain rate y max = ;,P(0.5, tszb) in-
creases with increasing the applied strain rate. For example, ;, max is equal to approximately 128 
A . . A 
when </>o= 1600/s and is equal to approximately 550when </>o= 10000/s. Thus, as the applied 
strain rate increases, the band width decreases. This is indicative of the role that the diffusion 
number r O plays in determining the bandwidth. Furthermore, it is important to note that the 
reduction in-band thickness due to the decay in the diffusion number overwhelms the increase 
in band thickness due to increasing values of the inertia number. 
Since the band width is inversely proportional to the applied strain rate, sufficiently re-
fined meshes are used to obtain the numerical results for high applied strain rates ( e.g. for an 
applied strain rate of 10000/s, the total number of grid divisions used is 1000). 
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6. Dissipation Number and Localization 
This section examines the effect of the dissipation number r 1 = f3a ol ec0 0 on localization. 
For Kolsky bar experiments of structural steels at room temperature, the dissipation number 
has a value of approximately 0.25. On the other hand, for a Tungsten Heavy Alloy, it assumes a 
value of approximately 1.3. Larger values of the dissipation number lead to the generation of 
more thermal energy per unit time which tends to accelerate localization. Thus, if the inertia 
and diffusion numbers are small, localization is expected to take place faster in Tungsten 
Heavy Alloys than in steels. Guided by earlier observations, it appears that localization is 
weakly sensitive to both the inertia and diffusion numbers in their low-end values (i.e. if they 
are sufficiently small). The present study illustrates that localization is strongly sensitive to 
variations of the dissipation number. 
6.1. Localization criteria from linear perturbation analysis 
For a strain-independent, thermally-sensitive power law type material, the necessary 
condition for localization is given by the inequality (18) which reduces to (19) in the absence of 
heat conduction effects. The condition (19) implies that for adiabatic deformations, the neces-
sary condition for localization is insensitive to the dissipation number r 1. This observation 
illustrates that the onset of localization may be insensitive to localization while it does not pro-
vide information as to the effect of dissipation on post-localization. However, in the presence 
of heat conduction, as (18) indicates, the effect of r 1 is to counteract the stabilizing behavior of 
heat conduction. It will be shown in this section that this is consistent with the fully non - linear 
results. 
6.2. Numerical Results and Discussion 
Several numerical experiments have been carried out to study the effect of dissipation 
number on localization. The inertia number and the diffusion number are kept fixed at the val-
ues for the case studied in section 4 for CRS steel. 
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Figure (13) - Evolution of the boundary stress for various values of the 
dissipation number. 
Figure (13) illustrates the evolution of the stress at the moving boundary along with the 
evolution of the normalized kinetic energy rate for two different values of the dissipation num-
ber. It is evident that localization develops at a faster rate for the case corresponding to the 
larger dissipation number. Furthermore, for larger values of r 1, thermal softening overwhelms 
hardening mechanisms at smaller values of the nominal strains leading to a shorter hardening 
branch of the stress-strain curve. Moreover, the flow stress exhibits a sharper drop during 
localization for larger values of the dissipation number. Another interesting observation 
relates to the smaller critical localization times (for larger dissipation numbers) being 
associated with larger values of K(tcr). 
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Figure (14) shows the evolution of the boundary stress as well as the band stress for the two 
cases presented in Figure (13). Clearly, for each of the two cases, the two stresses are almost 
identical which is consistent with our earlier obsexvation regarding the validity of the quasi-
static assumption for small inertia numbers. Hence, we conclude that the dissipation number 
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Figure (14)-Evolution of the band and boundary stresses for two differ-
ent values of the dissipation number 
Figure (15) provides the displacement profiles for the two considered. Each computation 
is carried out up to its associated stabilization time tstb· Here, we note that as r 1 increases, the 
nominal strain and hence the maximum displacement at x = l decreases. Furthermore, it is 
evident that the band width increases with decreasing values of the dissipation number. This 
numerical obsexvation is consistent with the linear stability prediction (see Shawki (1993a)) in 
which the critical wave length of perturbations is given by 
(32) 
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for apower-lawmaterialwithn = 0andp =-vim> 1. Shawki (1993a) showed that the fore-
going wavelength threshold represents the minimum below which initial perturbations do not 
grow due to the early stabilizing effect of heat conduction. Moreover, Sherif and Shawki (1992) 
showed through a late-time steady-state solution thatthe minimum shear band width is pro-
portional to j r 0/ r 1. Hence, results obtained through the linear stability analysis (Shawki 
(1993b) ), late-time analytic steady-state (Sherif and Shawki (1992) ),and the present numer-
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Figure ( 15) - Displacement profiles for two different values of the dis-
sipation number 
1.0 
Figure (16) shows the variation of various field variables with respect to r1 at the times 
tcr, and t stb· As r 1 increases, the critical time tcr for localization ( equivalently, the critical nom-
inal strain) decreases in a near-exponential fashion. Furthermore, the difference between 
tcr and tstb decreases as r 1 increases. Hence, localization takes place at a much faster rate for 
large values of the dissipation number. Further examination of Figure (16) indicates that the 
critical temperature 0cr = 0(0.5,tcr) is weakly proportional to r 1 while the maximum strain 
rate increases with r 1. On the other hand, the critical strain y er = y(0.5, tcr) is inversely pro-























Figure (16)- Variation of various field variables with the dissipation 
number 
page 34 
Anwiergy,.,.Based Localization Theory 
Part fl - Effects of the Inertia, Diffusion and Dissipation Numbers 
7. Discussion 
We take advantage of the results of previous sections. towards the determination of the 
localization sensitivity of various .engineering materials. Therefore, we consider a number of 
materials that have been reported to localize under favorable experimental conditions. 
7.1. Some experimental results and non-dimensional numbers 
The following table summarizes the thermo-mechanical properties of the considered 
materials: 
Table 2 -- Thermo-me.chanical properties of selected engineering matetjals. 
erma ear nttIa Ie 
conductivity Modulus Stress 
(kg/m3) (J/kg-K) (W/m-K) (GPa) (GPa) 
CRS steel 7800 500 54 81 436 
HRS steel 7800 500. 54 81 461 
HY-100 7800 500 54 81 530 
4340 (HRC 44) 7800 500 54 81 ·800 (approx) 
4340 (HRC 55) 7800 500 54 81 1020 ( approx) 
Copper 8960 385 400 200* 
WHA 17140 139 75 134 900 
* extrapolated from the data given in[8]. 
The critical nominal strains for localization for these materials at an applied strain rate of 
approximately (1000/sec) are presented in Table 3. For the times that the Kolsky bar tests were 
conducted on copper specimens, no localization was observed. We note that the HRS steel is 
the slowest to localize, the 4340 (HRC 55) is the fastest whereas the CRS steel and the 
HY -100 localize at about the same nominal strain. 
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Table 3 - Critical localization strains for selected engineering materials. 
Critial Strain 
CRS steel 0.5 
HRS steel 1.0(approx) 
HY-100 0.45 
4340 (HRC 44) 0.2 
4340 (HRC 55) 0.15 
copper no band observed* 
WHA 0.15 (approx) 
*For the times that the tests were made, no band has been observed[4] 
Table 4 summarizes the dimensionless values of the inertia number eo, the diffusion number 
r0 and the dissipation number 71 for the considered materials at an applied strain rate of 
1000/sec. The gauge length is taken to be 0.0025m for all the materials. 
Table 4 - 'Iypical values of the dimensionless numbers for selected engineering materials. 
lff.91!11llml~l~11i11tfj:!i!f: 
CRSsteel 0.0001118 0.0022154 0.3354 
HRS steel 0.0001868 0.0022154 0.2008 
HY-100 0.0000920 0.0022154 0.4077 
4340 (HRC 44) 0.0000609 0.0022154 0.6154 
4340 (HRC 55) 0.0000478 0.0022154 0.7846 
WHA 0.0001190 0.0050368 1.1333 
Copper 0.0002800 0.0185530 0.1740 
Upon comparing Tables 3 and 4, we observe that the larger the dissiaption number, the smaller 
the critical nominal strain at which localization occurs which is consistent with our foregoing 
numerical results. Furthermore, we note that the diffusion number is the same for all the steels 
while they have different values of eo and 71• For structural steels deforming at strain rates 
lower than 1()4 per sec, the effect of eo can be practically ignored. Thus, for structural steels, 
the most significant dimensionless number that influences localization sensitivity appears to 
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be the dissipation number. Examination of Table 3 confirms that the HRC 55 is the steel with 
the largest dissipation number, in the considered material selection for steels, which localizes 
at the smallest nominal strain. Moreover, experimental results indicate that the shear band 
width is the smallest for this steeL This is consistent with our discussion in section 6. where we 
noted that the larger the dissipation number, the larger is the maximum strain rate at the center 
of the band and consequently the thinner is the band. The tungsten heavy alloy (WHA) has the 
largest dissipation number in Table 4. However, its diffusion number is about twice that of the 
considered steels. Consequently, due to the stabilizing effects of heat conduction, the WHA 
localizes at nearly the same nominal strain as the 4340 (HRC 55) steel. Examination of the 
dimensionless numbers for Copper, we note that the inertia number is about 5 times that of 
HRS steel while the diffusion number is about 9 times larger than that of steels. The dissipa-
tion number is also smaller than that of HRS steel. Hence, Copper is expected to localize at 
relatively large nominal strains (if any). 
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